Dissipative Evolution of Unequal Mass Binary-Single Interactions and its
  Relevance to Gravitational Wave Detections by Samsing, Johan et al.
ar
X
iv
:1
70
6.
03
77
6v
1 
 [a
str
o-
ph
.H
E]
  1
2 J
un
 20
17
DRAFT VERSION APRIL 3, 2018
Preprint typeset using LATEX style emulateapj v. 01/23/15
DISSIPATIVE EVOLUTION OF UNEQUAL MASS BINARY-SINGLE INTERACTIONS AND ITS RELEVANCE TO
GRAVITATIONALWAVE DETECTIONS
JOHAN SAMSING1,∗, MORGAN MACLEOD2,∗, ENRICO RAMIREZ-RUIZ3,4
Draft version April 3, 2018
ABSTRACT
We present a study on binary-single interactions with energy loss terms such as tidal dissipation and gravi-
tational wave emission added to the equation-of-motion. The inclusion of such terms leads to the formation of
compact binaries that form during the three-body interaction through two-body captures. These binaries pre-
dominantly merge relative promptly at high eccentricity, with several observable and dynamical consequences
to follow. Despite their possibility for being observed in both present and upcoming transient surveys, their
outcomes are not firmly constrained. In this paper we present an analytical framework that allows to estimate
the cross section of such two-body captures, which permits us to study how the corresponding rates depends
on the initial orbital parameters, the mass hierarchy, the type of interacting objects, and the energy dissipation
mechanism. This formalism is applied here to study the formation of two-body gravitational wave captures, for
which we estimate absolute and relative rates relevant to Advanced LIGO detections. It is shown that two-body
gravitational wave captures should have compelling observational implications if a sizable fraction of detected
compact binaries are formed via dynamical interactions.
1. INTRODUCTION
With the recent detection of gravitational waves (GWs)
by LIGO (Abbott et al. 2016a,b; Abbott et al. 2017),
and upcoming electromagnetic (EM) surveys includ-
ing LSST (LSST Science Collaboration et al. 2009),
JWST (Gardner et al. 2006) and WFIRST (Spergel et al.
2013), a new exciting era in transient astrophysics
is eminent. To learn from the population of cur-
rent detections, that for LIGO sources can be up to
250 Gpc−3 yr−1 (The LIGO Scientific Collaboration et al.
2016; Belczynski et al. 2016; de Mink & Mandel 2016),
major effort is now being made to model and understand
the range of possible avenues such transient sources can be
assembled in the Universe (e.g. Zevin et al. 2017).
One viable avenue to assemble GW sources is through
few-body dynamics, where exotic outcomes can form as a
result of chaotic or secular exchange of energy and angular
momentum. However, not all few-body interactions are
equally probable; in high stellar density environments, such
as a globular cluster (GC), one finds the most frequent
few-body encounters to be binary-single interactions (e.g.
Heggie 1975; Hut & Bahcall 1983; Hut 1983, 1993). Such
three-body interactions are not only important dynamically
(Heggie 1975), but have also been shown to potentially play
a role for EM transients (e.g. Hut & Inagaki 1985; McMillan
1986; Fregeau et al. 2004; McMillan & Portegies Zwart
2007; Rosswog et al. 2009; Lee et al. 2010; Mapelli et al.
2013; Mapelli & Zampieri 2014; Ramirez-Ruiz et al. 2015;
MacLeod et al. 2016; Samsing et al. 2016; Perets et al.
2016), as well as to the assembly of binary black hole
(BBH) mergers (Gültekin et al. 2006; Ziosi et al. 2014;
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Samsing et al. 2014; Spera et al. 2015; Rodriguez et al. 2015;
Kimpson et al. 2016; Samsing et al. 2016; Rodriguez et al.
2016a,b; Samsing & Ramirez-Ruiz 2017).
To understand the evolution of dynamical systems, many
N-body simulations have been performed, from detailed few-
body studies (e.g. Hut & Bahcall 1983; Samsing et al. 2014;
Antognini & Thompson 2016; Samsing et al. 2016), to full
GC simulations (e.g. Wang et al. 2016). Such N-body simu-
lations are often evolved using an equation-of-motion (EOM)
without terms correcting for possible orbital energy losses
and finite size effects. However, recent work have shown
that a consistent inclusion of such terms surprisingly seems
to play a major role for estimating accurate rates of transients
and their corresponding distribution of orbital parameters at
merger (e.g. Gültekin et al. 2006; Samsing et al. 2014, 2016;
Samsing & Ramirez-Ruiz 2017).
In this paper we continue our study of binary-single inter-
actions with correction terms that include finite sizes, dynam-
ical tides, and GW emission. The main effect from the inclu-
sion of such terms in the EOM is the formation of high ec-
centricity compact binaries that assemble during three-body
interactions (Gültekin et al. 2006; Samsing et al. 2014, 2016;
Samsing & Ramirez-Ruiz 2017). In order to study the rel-
ative importance of this highly eccentric merger population,
this paper develops an analytical framework that allows us to
robustly estimate their cross section and corresponding rates.
This formalism can be used for merging binaries driven by
tidal dissipation or gravitational wave emission.
We apply our analytical framework to study the assembly
of BBH mergers forming through binary-single interactions
as a result of GW emission and its dependence on the ini-
tial orbital parameters and the mass hierarchy. This exercise
allows us to generalize our previous results, which were de-
rived for equal-mass interactions (Samsing et al. 2014, 2016;
Samsing & Ramirez-Ruiz 2017), and robustly conclude that
> 1% of all BBH mergers assembled through binary-single
interactions should manifest as two-body GW captures. As
the majority of these GW captures form with high eccen-
tricity, our study even suggests that the binary-single inter-
action channel is likely to dominate the rate of high eccen-
2tricity BBH mergers observable by LIGO. Besides being a
major motivation for developing non-circular GW templates
(e.g. Harry et al. 2016; Huerta et al. 2016), we further con-
clude that the notable eccentricity associated with GW in-
spirals might also turn out to play a leading role in helping
differentiate between the range of viable BBH merger forma-
tion channels. The formation of electromagnetic transients
through tidal two-body captures will be explored in a separate
paper.
The paper is organized as follows. In Section 2 we present a
general analytical framework for calculating the cross section
and corresponding rate of two-body captures and collisions
that form during binary-single interactions. In Section 3 and
4, we then use this framework to study the absolute and rela-
tive formation rates of GW mergers. In Section 5 we use our
findings to estimate the total number of BBH mergers assem-
bled throughout the history of a typical GC, as well as current
observable rates relevant to Advanced LIGO. Our conclusions
are then summarized in Section 6.
2. CLOSE ENCOUNTERS IN BINARY-SINGLE INTERACTIONS
Binaries interacting with singles in dense stellar systems,
such as GCs, often undergo highly chaotic and resonating
evolutions before reaching an end-state (e.g. Hut & Bahcall
1983). During such evolutions, the three objects generally un-
dergo several close pairwise encounters, each of whichwill ei-
ther result in a collision or orbital energy losses throughmech-
anisms such as tides and GW emission (e.g. Samsing et al.
2016). While a collision simply leads to a coalescence of
the two objects (e.g. Fregeau et al. 2004), the fate of objects
driven by orbital energy losses is less understood. However,
as illustrated in Gültekin et al. (2006); Samsing et al. (2014,
2016), if the energy loss is significant, the two objects will
undergo a dissipative capture resulting in the formation of a
compact binary. Depending on the energy loss mechanism,
this binary either ends up promptly merging or settling into a
tight quasi-stable configuration. In this paper we refer to such
two-body dissipative captures as inspirals. An example of an
inspiral forming throughGW energy losses is shown in Figure
1. If the two objects instead undergo a passage that is smaller
than their total radii without inspiraling first, the outcome is
here referred to as a collision.
In the sections that follow we calculate the cross sec-
tion and corresponding rate of inspirals and collisions form-
ing in binary-single interactions. We include the possibil-
ity for the three interacting objects to have different masses,
which represents a major improvement to our previous work
(Samsing et al. 2014, 2016). This allow us to study the
role of dissipative effects including tides and GW emission
in binary-single systems involving realistic combinations of
white dwarfs (WDs), neutron stars (NSs), and BHs.
2.1. Cross Sections and Formation Rates
We start this section by deriving a set of quantities relevant
for estimating general cross sections and rates. Below, and in
the remaining parts of the paper, we denote an inspiral out-
come between object pair [i, j] by Iij, and a collision outcome
byCij.
2.1.1. Cross Section
Imagine Ntot uncorrelated scattering experiments between a
randomly orientated binary and an incoming single isotropi-
cally sampled across a disk at infinity. In this case the cross
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2: BH (20M⊙)
3: BH (20M⊙)
FIG. 1.— Formation of a BBH merger through the emission of GW radia-
tion during a resonant binary-single interaction (time increasing from left to
right). The location of the final GW inspiral is marked with ‘GW inspiral’.
The initial SMA is set to a0 = 10
−4 AU for illustrative purposes. In this partic-
ular example, the two heavier BHs (purple/orange) inspiral and merge, how-
ever, depending on the exact ICs the lighter BH (black) could also undergo an
inspiral with one of the heavier BHs. Similar inspirals can also form through
tidal interactions if one of the objects is a stellar object (Samsing et al. 2016).
Inspirals forming in binary-single interactions generally have a very high ec-
centricity, which leads to particular interesting electromagnetic and GW sig-
nals.
section for object pair [i, j] to result in a given outcome X ,
denoted by Xij, can be estimated by the following product
(Hut & Bahcall 1983),
σXij =
NXij
Ntot
×πb2max, (1)
whereNXij is the number of interactions ending as outcomeXij,
and bmax is the radius of the disk at infinity. Here Xij could for
example denote an inspiral outcome Iij, or a collision outcome
Cij. The value of bmax should be large enough for the triple
system to be able to probe all possible pathways that could
result in Xij. To determine a proper value for bmax it is use-
ful to work with the corresponding pericenter distance, rmax,
between the binary center-of-mass (COM) and the incoming
single. This distance relates to bmax as follows (Samsing et al.
2014),
bmax =
√
2Gmbsrmax
v2∞
, (2)
where we have assumed the gravitational focusing limit. Here
mbs is the total mass of the binary-single system, and v∞ is the
initial relative velocity between the binary and the single at
infinity. The cross section σXij can now be expressed in terms
of rmax as,
σXij =
NXij
Ntot
× 2πGmbsrmax
v2∞
. (3)
Now, it has been shown that both inspirals and collisions pre-
dominantly form in resonant interactions (RIs) due to their
long lived chaotic nature that makes it possible for the ob-
jects to undergomultiple close passages (Samsing et al. 2014,
32016). A triple system can only enter such a bound resonant
state if the initial total orbital energy is negative, which is the
case for v∞ < vc, where vc is a characteristic velocity given
by (Hut & Bahcall 1983),
vc =
√
Gm1m2
m3(m1 +m2)
mbs
a0
. (4)
Here a0 is the semi-major axis (SMA) of the initial target bi-
nary, and the indices ‘1’, ‘2’, and ‘3’ refer to the two objects
initially in the target binary and the incoming single object,
respectively (see Figure 2). The limit where v∞ < vc is usu-
ally referred to as the hard-binary (HB) limit, where v∞ > vc
is referred to as the soft-binary (SB) limit. Not all initial con-
ditions (ICs) can lead to a RI in the HB limit, and we will in
this work therefore refer to a binary-single interaction which
could result in a RI as a close interaction (CI). The value for
rmax which marks the limit for when interactions with peri-
center rp < rmax are all CIs is here denoted by rCI. Although
it can be shown that no exact value of rCI can be defined, one
can generally think of rCI as representing the limit dividing
democratic and hierarchical RIs (e.g. Hut 1993; Samsing et al.
2014); a distance that naturally relates to the tidal disruption
distance of the binary. In this work we take rCI = C a0, where
C is a dimensionless factor that only depends on the relative
mass ratios. With this definition of rCI, one can now write the
cross section for a CI as,
σCI = C
2πGmbsa0
v2∞
. (5)
From this it follows that the cross section for outcome Xij can
be written as the following product,
σXij ≈ P(Xij|CI)×σCI, (6)
where P(Xij|CI) is the probability for Xij to be an outcome
given the interaction is a CI. As seen, in this notation the prob-
ability P(Xij|CI) stands for the factor NXij/Ntot in equation 1.
In the following section, we proceed to calculate the associ-
ated formation rate.
2.1.2. Formation Rate
The derived cross section in Section 2.1.1 is especially
useful for estimating the number of outcomes Xij forming
per time interval, referred to as the rate ΓXij . Following
Samsing et al. (2014), this rate can be written for a givenmass
hierarchy as,
Γ
(V )
Xij
≈ NbinNsinv∞
V
∫
σXijPbin(a0)da0. (7)
Here Γ
(V )
Xij
denotes the number of outcomes Xij forming per
unit time in a steady-state isotropic N-body system with vol-
umeV and characteristic velocity dispersion v∞, Nbin and Nsin
are the total number of binaries and singles in the system,
respectively, and Pbin(a0) is the normalized SMA probability
distribution. We will later derive formation rates of inspirals
and collisions for a few relevant distributions of Pbin(a0).
2.2. Formation of Inspirals
We now derive analytical expressions for the cross section
and rate of inspirals forming in binary-single interactions. For
this, we first have to calculate the inspiral probability term
P(Iij|CI), as indicated by Equation (6). The first step in calcu-
lating P(Iij|CI) is to make use of the observation that RIs gen-
erally can be described as a series of states characterized by
a binary with a bound single (Samsing et al. 2014, 2016). We
refer to each of these states as an intermediate state (IMS),
and the binary in the state as an IMS binary. Between each
IMS the three objects undergo a strong triple interaction, in
which they semi-randomly exchange energy and orbital mo-
mentum. As a result, a newly formed IMS binary will always
have a SMA and an eccentricity that is different from that of
the initial target binary. Highly eccentric IMS binaries can
therefore form during a RI, even when the target binary is cir-
cular. Now, if the IMS binary eccentricity is high enough,
or correspondingly if the pericenter distance is small enough,
the IMS binary will be able to undergo an inspiral through the
loss of orbital energy, while remaining bound to the single in
the resonance. In the next section we calculate what the initial
orbital parameters of the IMS binary must be for it to undergo
such an inspiral.
2.2.1. The Inspiral Boundary
A given IMS can be described as an IMS binary [i, j] with
a bound single k, where {i, j,k} can be any combination of
the three objects {1,2,3}. The IMS binary is formed with
a SMA a and eccentricity e, according to some distribution.
The first question is what combinations of a,e will result in an
IMS binary [i, j] undergoing a successful inspiral during the
resonance while k is still bound to the system.
For determining the orbital evolution of an IMS binary in-
cluding orbital energy losses, we assume a model where the
binary loses a constant amount of orbital energy,∆Ep, during
each pericenter passage (Samsing et al. 2016). As a result, in
the orbit averaged approximation, the change in orbital energy
per unit time can be written as,
dEorb
dt
≈ ∆Ep
Torb
=
∆Ep
Gmij
√
2
π
µ
−3/2
ij E
3/2
orb , (8)
where mij =mi +mj, µij =mimj/mij, and Eorb (Torb) denotes the
orbital energy (time) of the IMS binary. The solution to this
equation leads to a corresponding inspiral time, tinsp, which
we here define as the time it takes for the IMS binary to inspi-
ral from its initial SMA = a to SMA = 0. The solution for tinsp
is trivially found by integration of Equation (8),
tinsp = 2π
√
Gmijµij
√
a
∆Ep
. (9)
To keep our formalism as general as possible, we now assume
that∆Ep takes the following generic form,
∆Ep = E
GM2
R
(
R
rp
)β
, (10)
where E is a dimensionless normalization factor, M is the
characteristic mass scale, R is the characteristic length, and
rp is the IMS binary pericenter distance at the time of forma-
tion. As will be argued, this form can be used to describe
orbital energy losses from both tides and GW emission (e.g.
Samsing et al. 2016). Using this generic notation one can
write the inspiral time as,
tinsp = 2πr
β
p
√
a
[
mijµijR
1−β
EM2
√
Gmij
]
. (11)
4FIG. 2.— Illustration of an inspiral forming during a resonant binary-single
interaction between three objects, where [1,2] form the initial binary and [3]
is the incoming object. Top: Illustration of the dynamical evolution of the
three objects from initial interaction (left) to final inspiral (right). As illus-
trated, a three-body RI often evolves through a series of IMSs, that are char-
acterized by an IMS binary [i, j] with a bound single (Samsing et al. 2014,
2016). Between each IMS the three objects undergo a strong interaction
(large black dots), where they mix and exchange energy and angular momen-
tum. Different binary pairs can therefore form during the interaction, each
with a finite probability for undergoing an inspiral. In this example the sys-
tem evolves through various IMS binary states until [2,3] inspiral and merge.
Bottom: Orbital phase space spanned by a′,e for IMS binary [2,3], where
the wavy part illustrates the region in which inspirals form. The black cross
shows a′,e for the similar marked IMS binary at the top plot, where the grey
crosses illustrate a likely distribution of IMS binaries that form during the
evolution marked by the small grey dots at the top plot. The plus sign with a
circle shows a′,e for the final [2,3] inspiral.
Now, for the IMS binary to uninterrupted undergo an inspi-
ral, its inspiral time, tinsp, must be shorter than the time it is
isolated from the bound single, tiso. This isolation time tiso
simply equals the Keplerian orbital time of the bound single
with respect to the COM of the IMS binary,
tiso = 2π
√
a3bs
Gmbs
, (12)
where abs is the semimajor axis of the single with respect to
the COM of the IMS binary. The SMA abs can be found from
energy conservation by assuming the triple system did not
lose orbital energy before the formation of the IMS binary.
From this assumption it follows that
m1m2
2a0
=
mimj
2a
+
mijmk
2abs
, (13)
from which we find
abs = a0
(
mijmk
m1m2
)(
a′
a′ −1
)
, (14)
where,
a′ =
a
ac
, and, ac = a0
(
mimj
m1m2
)
. (15)
Inserting the relation for abs into Equation (12), the isolation
time can now be expressed as,
tiso = 2π
a
3/2
0√
Gmbs
(
mijmk
m1m2
)3/2(
a′
a′ −1
)3/2
. (16)
By equating tinsp and tiso given by Equation (11) and (16), re-
spectively, we can then find the following conditional relation
between the IMS binary orbital parameters a,e,
ǫIij = E
1/β
M
(
a0/R
)(1/β−1)
G (a′,β), (17)
where
G (a′,β) = a′(1/β−1)
(
a′ −1
)
−3/(2β)
, (18)
ǫIij = (1− eIij), (19)
eIij is the eccentricity for which tinsp = tiso for a given a
′, and
M is a dimensionless term given by,
M =
(
m1m2
mimj
)[(
M
mbs
)2(
mbs
µij
)3/2(
mkmk
m1m2
)(
mij
mk
)1/2]1/β
.
The derived relation between eIij and a
′ given by Equation
(17) defines a boundary in orbital phase space which encloses
the region in which inspirals can form, as illustrated in Figure
2. This inspiral region, which for the IMS binary in question
we denoteRI, is bounded along the a′-axis by a lower limit a′l ,
and an upper limit a′u. The value
6 of a′l is≈ 1, where the value
for a′u relates to the limit for when the resonant triple system
no longer can be described as an IMS. That is, when abs ≈ a0.
One way of estimating a′u is by considering the force ratio
ftid = Ftid/Fbin, where Ftid is the tidal force the bound single
exerts on the IMS binary, and Fbin is the IMS binary’s binding
force (Fregeau et al. 2004),
Ftid ≈ 1
2
Gmijmk
a2bs
a
abs
, (20)
Fbin ≈ 1
4
Gmimj
a2
. (21)
By the use of Equations (14) and (15), one can solve for a′ as
a function of the mass hierarchy and the value of ftid. In this
work we take a′u to be the value of a
′ for which7 ftid = 0.5. To
6 The lower limit should in fact be marginally higher than 1, since a′
l
= 1
corresponds to an infinite interaction time. However, uncertainties in how
to define the upper limit makes this correction irrelevant for the scales we
consider in this work.
7 Our results depend only weakly on the precise value as a′u −1∝ f
1/3
tid
.
51 2 3 4 5 6 7 8 9 10
a ′u
0.0
0.5
1.0
1.5
2.0
2.5
3.0
ℐ
(a
′ u,
β
)
β = 7/2 (GWs)
β = 6.0 (tides)
β = 10.0 (tides)
β=∞ (collision)
FIG. 3.— Value of the inspiral integral I (a′u,β) derived by numerical in-
tegration of Equation (29), as a function of a′u for a few relevant values of β.
The values β = 7/2, 6, 10,∞, relate to the description of GW emission, tides
(n = 1.5 polytrope), tides (n = 3.0 polytrope), and collisions, respectively (see
e.g. Samsing et al. 2016). For this plot we have set a′l = 1.
summarize, the two boundaries a′l and a
′
u approximately take
the values,
a′l ≈ 1, (22)
a′u ≈ 1+
(
1
2
mk
µij
)2/3
. (23)
In the following section we describe how to relate the inspiral
regionRI derived here to the probability term P(Iij|CI).
2.2.2. Inspiral Probability
The probability P(Iij|CI) can be written as
P(Iij|CI)≈ 〈NIMS〉P(RI), (24)
where 〈NIMS〉 denotes the average number of IMS binaries
[i, j] formed in a CI, and P(RI) is the probability for a single
IMS binary [i, j] to be formed with [a′,e] within the inspiral
region RI. We have here assumed that P(RI)≪ 1, and that
the sampling of IMS binaries is not correlated.
To proceed we assume that the [a′,e] distribution is uniform
at high eccentricity. This essential assumption was first shown
to hold for the equal mass case by Samsing et al. (2014), how-
ever, as we will show, we find that the distribution also seems
to be approximately uniform for the unequal mass case. Fig-
ure 5 shows an example of this. From this assumption it fol-
lows that the probability P(RI) can be factorized as
P(RI)≈ P(RU)P(RI|RU), (25)
where RU denotes the region where the [a′,e] sampling is
assumed uniform, P(RU) is the probability for the IMS binary
to form inside RU, and P(RI|RU) is the probability for the
IMS binary to form insideRI given that it was formed within
RU. This implies that the probability P(Iij|CI) can be written
as
P(Iij|CI)≈ AI
[〈NIMS〉P(RU)
AU
]
, (26)
where AI and AU are the areas of the RI and RU regions, re-
spectively. In what follows we define
N ≡
[ 〈NIMS〉P(RU)
AU
]
(27)
and note that the value of N do not depend to leading order
on any finite size effects, orbital energy losses, the absolute
mass scale or the initial SMA a0, as further discussed in Sec-
tion 2.5. Any effects related to orbital energy losses are there-
fore fully encoded in the area factor AI. This factor is given
by the integral of ǫIij over a
′, from a′l to a
′
u,
AI ≈
∫ a′u
a′
l
ǫIijda
′ = E 1/βI M
(
a0/R
)(1/β−1)
, (28)
where I denotes the value of the integral,
I =
∫ a′u
a′
l
G (a′,β)da′. (29)
This integral has no analytical solution and must be evaluated
numerically. We nonetheless find that the solution can be ac-
curately approximated by the following functional form
I ≈ 1.05
(1−1.7/β)
ln(a′u)
(a′u −1)
1/(β+1)
. (30)
A few examples of I as a function of a′u and β are shown
in Figure 3. By substituting the expression for AI, given by
Equation (28), into the relation for P(Iij|CI), given by Equa-
tion (26), we find
P(Iij|CI)≈N E 1/βI M
(
a0/R
)(1/β−1)
. (31)
We can now make use of this relation to estimate the inspiral
cross section and corresponding formation rate.
2.2.3. Inspiral Cross Section
The cross section for object pair [i, j] to undergo an inspiral,
here referred to as the inspiral cross section σIij , is given by the
product of the inspiral probability and the CI cross section,
P(Iij|CI)× σCI, as denoted in Equation (6). Making use of
Equation (31) and Equation (5), we can then find
σIij ≈ σRij ×
[
E
1/β
I
′
M
′
(
a0/R
)1/β]
, (32)
where we have introduced the cross section term σRij , and
have defined the following quantities
M
′ = M
(
mimj
m1m2
)
, (33)
I
′ = I
1
ln(a′u)
. (34)
The term σRij equals the cross section for object pair [i, j] to
pass each other within a fixed distance R in the limit where
no energy loss terms are included in the EOM. As later de-
scribed in Section 2.3, the value for σRij can be derived using
Equation (41), and is therefore proportional to the collision
cross section. As a result, the terms in the square parenthesis
in Equation (32) represent the leading order effect from in-
troducing energy loss terms into the finite-size, unequal-mass
binary-single problem.
2.2.4. Inspiral Rate
Having derived an analytical solution to the inspiral cross
section, we can then proceed to calculate expressions for the
corresponding formation rates. Here we work out rates for
two representative cases.
6Field Interactions. Binaries in the field are often found to
be uniformly distributed in log(a0) (e.g. Chanamé & Gould
2004; Lépine & Bongiorno 2007), a result also known as
Oepiks law. For target binaries following such a distribution
between SMA limits amin and amax, the resultant rate of inspi-
rals can be found by direct integration of Equation (7) using
the cross section solution derived in Equation (32),
Γ
(V )
Iij
≈ NbinNsinv∞
V
× σIij (amax)−σIij(amin)
ln(a
1/β
max/a
1/β
min )
. (35)
In systems where the SMA distribution is unknown, one often
assumes this distribution for simplicity.
Cluster Interactions. Binaries in dynamical systems, such
as GCs, have at late times a SMA distribution which can
be described by a Gaussian function in log(a0), as recently
pointed out by Rodriguez et al. (2016a). In this case, the in-
spiral rate can be written as
Γ
(V )
Iij
≈ NbinNsinv∞
V
×σIij(ac)exp
(
ln(10)2
2
s2
β2
)
, (36)
where ac is the SMA of the Gaussian peak, and s is the stan-
dard deviation. As can be seen, s must be larger than β for
the assumption of a Gaussian distribution to modify the sim-
ple estimate that assumes that all target binaries have the same
initial SMA a0 = ac. As log(σI) ∝ (1/β) log(a0), the derived
rates are only sensitive to the shape of the Gaussian distri-
bution when the inspiral cross section changes significantly
over its intrinsic width. We note that since β > 3.5 for both
tides and GW emission (Samsing et al. 2016), this condition
is in fact rarely met in a typical GC system where s ≈ 0.5,
as inferred from the distributions shown in Rodriguez et al.
(2016a).
2.3. Collisions
We now turn our attention to collisions. A newly formed
IMS binary [i, j] will undergo a collision if its pericenter dis-
tance rp is smaller than a characteristic collisional distance
RC. The maximum pericenter distance from which a colli-
sion can happen is therefore per construction given by rp =RC.
This limit is met when the orbital parameters of the IMS bi-
nary are such that,
RC = a(1− e), (37)
from which it follows that
ǫCij =
(
m1m2
mimj
)
RC
a0
1
a′
, (38)
where
ǫCij = (1− eCij), (39)
and eCij is the eccentricity that satisfies Equation (38) for a
given a′. The relation between ǫCij and a
′ defines a boundary
in orbital phase space, which encloses the region in which
IMS binaries will undergo a collision (rp < RC). The area of
this region, denoted AC, is given by
AC ≈
∫ a′u
a′
l
ǫCijda
′ =
RC
a0
(
m1m2
mimj
)
ln(a′u). (40)
Following the same procedure as we did for inspirals, the
probability for a collision outcome Cij provided that the in-
teraction is a CI can now be factorized as P(Cij|CI) ≈ ACN .
It then follows that the collision cross section can be written
as
σCij ≈F
(
2πGmbsRC
v2∞
)(
m1m2
mimj
)
ln(a′u), (41)
where we have defined F ≡ C ×N , a factor that will be
discussed in more detail in Section 2.5. The above equation
for σCij is similar to Equation (32) but evaluated at RC =R. In
fact, our derived form for σCij can be used to estimate the cross
section for any fixed distance close encounter, such as, e.g., a
tidal disruption event. It is here worth noting that the collision
cross section is independent of the initial SMA a0, and that the
inspiral cross section approaches the collision cross section
for β→∞.
2.3.1. Collision Rate
The rate of collisions can be estimated by integrating Equa-
tion (7) using the collision cross section in Equation (41).
However, in this case, the solution is particularly simple as
the collision cross section does not depend on a0. This im-
plies that the corresponding collision rate ΓCij is independent
of the SMA distribution. As a result, the rate of collisions
takes the following simple form
Γ
(V )
Cij
≈ NbinNsinv∞
V
×σCij . (42)
2.4. Inspirals Relative to Collisions
With our derived inspiral and collision cross sections, we
are now in a position to understand their relative formation
rates. Assuming the inspiraling binaries also merge, it is of
particular interest to explore whether or not inspirals are ex-
pected to significantly contribute to the merger rate. We do so
by considering the cross section ratio between inspirals and
collisions
σIij
σCij
≈
(
R
RC
)
×
[
E
1/β
I
′
M
′
(
a0/R
)1/β]
. (43)
We first note that the factor F cancels out, which allows us
to derive an analytical solution. This is especially impor-
tant for studying the role of tides, as the tidal inspiral cross
section and the collision cross section are often comparable
(Samsing et al. 2016).
The above expression shows that the number of inspirals
generally increases relative to that of collisions with increas-
ing a0 and decreasingRC. The effect of orbital energy losses is
thus largest in interactions involving wide binaries and dense
objects such as WDs, NSs, and BHs. A similar conclusion
was reached for the equal mass case in Samsing et al. (2014,
2016). This counter intuitive scaling also explains why earlier
studies on, e.g., tidal interactions not have been able to resolve
these notable differences between collisions and inspirals (see
e.g. Gaburov et al. 2010). The relevance and applicability of
the general analytical formalism derived here is discussed be-
low.
2.5. The Validity of Our Analytical Formalism
Due to the highly chaotic nature of the three-body problem
in the HB limit, a simple analytical description, similar to the
one that exists in the SB limit (Hut 1983), is not easily de-
rived. Here we have outlined a simple approach that allows
one to calculate the cross section for a variety of outcomes
that arise when finite size effects and orbital energy loss term
7corrections are taken into account. Our solutions make use
of the fact that the [a,e] distribution is uniform at high ec-
centricity, which has been validated with the use of numerical
experiments (Samsing et al. 2016).
We also note that the scalings in Equation (32) can be de-
rived, as argued in Samsing et al. (2016), by considering the
physical attributes of the interaction. For two objects to un-
dergo an inspiral, the orbital energy loss during the first pas-
sage, ∆Ep, must be a notable fraction of the initial orbital
energy, E0. By equating∆Ep and E0 and solving for the cor-
responding pericenter distance, which we denoted here as rcap,
one finds
rcap ∝R
(
a0/R
)1/β
. (44)
If the inspiral leads to a merger, one can think of rcap as an
effective stellar size. As seen in Equation (44), rcap is not
just proportional to the size of the object, but scales with
(a0/R)
1/β . This scaling is similar to the one found in Equa-
tion (32), giving further credence to our analytical formalism.
We note that we are yet to calculate a precise expression
for F , which relates to the difficulties associated with calcu-
lating the full IMS binary [a′,e] distribution. However, due
to the classical scale-free nature of the three-body problem
(Hut & Bahcall 1983), one can show that F depends only on
the relative mass ratio and not on the absolute mass scale, ini-
tial SMA, finite sizes or the precise orbital energy loss mech-
anism. The results reported in this paper have all been cal-
ibrated using numerical experiments, from which we have
found, for example, that F ≈ 6.0 for the equal mass case.
When comparing the relative rate of inspirals to collisions F
cancels out, which allows for a full analytical estimate to be
derived.
In general we find that the set of scalings and analytical
results derived here agree very well with results from full N-
body simulations (e.g. Samsing et al. 2014, 2016). In the fol-
lowing sections we will use our analytical model to gain fur-
ther insight into the dynamical and observational importance
of GW inspirals.
3. GRAVITATIONALWAVE INSPIRALS
When GR effects are included in the binary-single prob-
lem, a close passage between any two of the three objects will
lead to GW emission. In this process orbital energy is carried
out of the system, and can as a result lead to an inspiral and
subsequent merger between the two objects (Gültekin et al.
2006; Samsing et al. 2014, 2016). In the remaining parts of
this paper we will discuss several aspects related to these GW
mergers that we generally refer to as GW inspirals. For this,
we will make use of our analytical framework from Section
2, as well as full numerical N-body simulations including PN
correction terms.
From an astrophysical perspective, GW inspirals are ex-
tremely exciting, as they often enter the LIGO band with non-
zero eccentricity (Gültekin et al. 2006; Samsing et al. 2014).
In fact, recent studies indicate that they might even dom-
inate the population of observable high eccentricity BBH
mergers (Samsing & Ramirez-Ruiz 2017). Together with the
spin distribution (e.g. Rodriguez et al. 2016c; Kushnir et al.
2016; Zaldarriaga et al. 2017), the eccentricity distribution
is expected to play a key role in constraining the origin
of BBH mergers observable by LIGO and next genera-
tion GW observatories (e.g. Chen & Amaro-Seoane 2017).
High eccentricity NS-NS mergers are also promising probes
of the NS equation of state (e.g. East & Pretorius 2012;
Lehner & Pretorius 2014; East et al. 2015; Paschalidis et al.
2015; East et al. 2016a,b).
To provide concrete predictions and scaling solutions rel-
evant for LIGO, we first focus here on the case where all
three interacting objects are equal mass BHs. Although
this represents an idealized scenario, recent numerical stud-
ies do in fact indicate that a significant fraction of the ob-
servable population of BBH mergers forming in GCs likely
form dynamically through similar mass binary-single in-
teractions (Rodriguez et al. 2016a; Samsing & Ramirez-Ruiz
2017). The explanation for this is that mass segregation
causes heavier BHs to reach the GC center faster than lighter
ones, BHs of similar mass are thus more likely to be found
in the GC center at similar ages in the evolution of the clus-
ter (e.g. Rodriguez et al. 2016a; Park et al. 2017). Subsequent
binary-single interactions also tend to keep BHs of similar
mass together (Sigurdsson & Phinney 1993).
In the sections that follow we start by introducing the GW
energy loss term. We then explore how frequent GW inspirals
are compared to collisions in encounters involving compact
objects. After this we derive a set of solutions to the equal
mass case. This is followed by a study on how slight changes
to the mass hierarchy affect the GW inspiral cross section. In
the last section we use our solutions to estimate the present
day GW inspiral rate observable by LIGO.
3.1. GW Energy Loss Term
The energy emitted through GW radiation during a single
pericenter passage between object pair [i, j] is at quadrupole
order in the high eccentricity limit given by (Peters 1964;
Hansen 1972),
∆EGW ≈ 85π
12
√
2
G7/2
c5
m2im
2
jm
1/2
ij
r
7/2
p
. (45)
In this limit, one finds that ∆EGW can also be expressed by
the general form given by Equation (10) by setting,
E =
85π
96
, M = µij, R =
2Gmij
c2
, β =
7
2
. (46)
With these substitutions the derived relations from Section 2
can now be used to study GW inspirals. Below we proceed by
stuyding how frequent GW inspirals are compared to standard
collisions.
3.2. GW Inspirals Relative to BH and NS Collisions
The final outcome of both a GW inspiral and a collision is a
merger. In this section we explore which of the two channels
is expected to dominate the total merger rate. As an example,
in main sequence star interactions the collision cross section
is typically higher than the tidal inspiral cross section, where
for interactions involving high mass WDs the two cross sec-
tions are of similar order (Samsing et al. 2016). Here we are
interested in calculating the ratio of GW inspirals to collisions
for interactions involving BHs and NSs, and how sensitively
it depends on the initial SMA, a0, and the mass hierarchy. For
this study, we use our analytical estimate for σIij/σCij given by
Equation (43). Two examples are worked out below.
3.2.1. BH-BH Mergers
We start by considering the following triple BH binary-
single interaction,
[BH1,BH2]← BH3, (47)
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FIG. 4.— The contours show the log of the ratio between the GW inspiral
and the collision cross sections, log(σIi j/σCi j ), for the two interaction chan-
nels discussed in Section 3.2. The top plot is for [BH1 , BH3] mergers (Section
3.2.1), where the bottom plot shows results for [NS2, NS3] mergers (Section
3.2.2). As seen, in both cases the cross section of GW inspirals is about 100
times larger than the classical collision cross section. This illustrates that for
compact objects, the GW inspiral channel completely dominates the forma-
tion rate of mergers forming in binary-single interactions.
where the correspondingmasses are m1 = 30M⊙, m2 = 20M⊙,
and m3 is varied between 10M⊙ − 40M⊙. The log of the
cross section ratio of GW inspirals to collisions for object pair
[1,3], log(σI13/σC13), as a function of the initial SMA a0 and
m3, is shown in the top panel of Figure 4. As can be seen, the
GW inspiral cross section is, for this example, ≈ 102 times
higher than the collision cross section.
3.2.2. NS-NS Mergers
We now consider a binary-single interaction involving two
NSs, and an unspecified binary companion (BC),
[BC1,NS2]←NS3, (48)
where the corresponding masses are m2 = 1.4M⊙, m3 =
1.4M⊙, and m1 is varied between 0.5M⊙ −3M⊙. Our chosen
range of m1 covers a few astrophysical interesting configura-
tions, from BC1 representing a WD (0.5M⊙) to a heavy NS
(3M⊙). The log of the cross section ratio of [NS, NS] GW in-
spirals to collisions, log(σI23/σC23), as a function of the initial
SMA a0 and m1, is shown in the bottom panel of Figure 4. In
this case, even for a NS, which has a slightly larger physical
radius than a BH, GW inspirals clearly dominate over classi-
cal collisions.
3.2.3. GW Inspirals versus Collisions for Compact Objects
The number of compact object mergers that dynamically
form during resonant three-body interactions is completely
dominated by GW inspirals, and not by classical collisions.
We find this to be true for both BH and NS mergers. This
result is not that surprising when considering Equation (43),
which says that the cross section ratio approximately equals
the initial SMA a0 over the Schwarzschild radius of the two
merging BHs to the power of 2/7. This ratio is a large num-
ber for typical astrophysical systems, where a0 is about 1 AU
(≈ 108 km) and the BH Schwarzschild radius is ≈ 102 km.
It is thus crucial to have PN terms included in the N-body
code for estimating a meaningful rate of compact object merg-
ers forming during three-body interactions. As an example,
Antonini et al. (2016) did not have PN terms in their few-
body code, which likely led to an underestimation of their
in-cluster merger rate by a factor of ≈ 101 − 102 (see Table
1 in Antonini et al. (2016)). Because of this, their rate re-
ported for high eccentricity BBH mergers forming through
binary-single interactions is far too low, as we argued in
Samsing & Ramirez-Ruiz (2017).
For this reason, in the rest of the paper, we will mainly focus
on GW inspirals without making any further inferences for
collisions. In fact, the collision population is included in our
analytical estimation of GW inspirals, as the inspiral area AI
overlaps with the collision area AC in orbital phase space (e.g.
Samsing et al. 2016).
3.3. Equal Mass Interactions
In this section we calculate the GW inspiral cross section
assuming all three objects have the same mass m. As ar-
gued earlier, this is an idealized case, but is still likely to
provide a reasonable description of the dynamics leading to
the majority of BBH mergers forming in GCs observable by
LIGO. We note that the equal mass case was also studied in
Samsing et al. (2014, 2016), we therefore keep the following
section concise. The results presented here will be used in
later sections for estimating absolute and relative BBHmerger
rates.
The inspiral boundary and corresponding inspiral cross sec-
tion can be calculated using Equations (17) and (32), respec-
tively. By further making use of Equation (46), we find that
the GW inspiral boundary can be written as,
ǫIij ≈CGW×
G5/7m5/7
c10/7a
5/7
0
G (a′,β = 7/2), (49)
and the corresponding GW inspiral cross section as,
σIij ≈CGW× 6πI F
G12/7m12/7a
2/7
0
c10/7v2∞
, (50)
whereCGW is a constant given by,
CGW =
(
85π
3
√
3
)2/7
. (51)
9The GW inspiral cross section summed over all three possible
inspiral pairs, denoted here by σI , can be written in the more
familiar astrophysical units as,
σI ≈ 0.025 AU2
(
v∞
10 km s−1
)
−2(
m
M⊙
)12/7( a0
AU
)2/7
,
(52)
where we have made use of Equation (50) with F = 6 (see
Section 2.5).
It is worth noting that the GW inspiral cross section does
not scale linearly with massm, as the classical Newtonian out-
comes including collisions, but instead as m12/7. As a result,
the GW cross section for, say, three 30M⊙ BHs is≈ 200 times
larger than that for three 1.4M⊙ NSs, and not just by a factor
≈ 20 as inferred from gravitational focusing. In the following
section we study how slight changes to the mass hierarchy in-
troduces corrections to the equal mass case solution derived
here.
3.4. Unequal Mass Interactions
To explore how sensitive our derived GW inspiral cross sec-
tion is to variations in the mass ratio, we here consider the
following unequal mass example,
[BHA,BHB]← BHB, (53)
where the corresponding masses are denoted by mA and mB,
respectively. For this interaction we study the formation of
[BHB, BHB] GW inspirals. To facilitate comparison, we refer
to this case as U (Unequal), and E (Equal) to the case when
all three objects have m = mB. An example illustrating the
formation of a GW inspiral for scenarioU, where mA = 10M⊙
and mB = 20M⊙, is shown in Figure 1. Below we derive the
inspiral boundary and corresponding cross section of case U
relative to E, as a function of mA.
3.4.1. Dependence on Mass Ratio mA/mB
Making use of Equations (17) and (49), the GW inspiral
boundary of scenarioU relative to E, takes the following form
ǫ(U)IBB
ǫ(E)IBB
= q
(
3q
2+q
)1/7
, (54)
where we have introduced the mass ratio q given by
q =
mA
mB
. (55)
By the same token, the corresponding GW inspiral cross sec-
tion for scenario U relative to E can be written as
σ(U)IBB
σ(E)IBB
=
I (U)F (U)
I (E)F (E)
× q
(
3q
2+q
)1/7
×
(
2+q
3
)
, (56)
where we have used Equations (32) and (50). As can be seen,
the above fraction is composed of three different terms. The
first term (sampling term) mainly reflects differences in the
[a′,e] distribution and corresponding sampling frequency of
IMS binaries, where the second term (kinematic term) relates
to changes in the inspiral time and isolation time. The third
term arises from the change in gravitational focusing as the
total mass is varied.
To explore how sensitive our derived cross section ratio in
Equation (56) is to changes in q, we now expand it to linear
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FIG. 5.— Orbital parameter phase space [a′,e] for all [BH(20M⊙),
BH(20M⊙)] IMS binaries formed during the binary-single interaction de-
scribed in Section 3.4.2. The data is based on a total of 104 scatterings with
initial SMA a0 = 10
−4 AU. The small value for a0 is chosen for illustrative
purposes. The small grey dots show [a′,e] for all IMS binaries that are not
significantly affected by GW emission. This is in contrast to the large black
dots which show [a′,e] for IMS binaries that after being formed undergo a
GW inspiral while still being bound to the single object. The solid black line
shows our analytical estimate for the inspiral boundary given by Equation
(54). We see that our solution provides an accurate description of the GW
inspirals obtained using our N-body code for this unequal mass example.
order in δ where q = 1+ δ,
σ(U)IBB
σ(E)IBB
≈ 1+ δ
[
30
21
+
d
dδ
(
I (U)F (U)
I (E)F (E)
)∣∣∣∣
δ=0
]
. (57)
As discussed in Section 2.5, we have not yet been able to write
out a precise form for the sampling term and because of this,
its derivative has been written explicitly in the above expres-
sion. We do have an expression forI , however, when consid-
ering variations in q it has to be consistently paired with F .
Focusing on the remaining terms, we see that small changes in
mass ratio result in small changes of order (30/21)δ. In fact,
the resultant change is likely to be even smaller, as our nu-
merical simulations indicate that the sampling term decreases
with increasing δ. This is explained by the fact that the heav-
ier objects are generally more prone to form binaries than
lighter ones (e.g. Sigurdsson & Phinney 1993). As a result,
the two terms in the square parentheses from Equation (57)
almost cancel out, which leads to small differences between
scenarios U and E. We show that this is indeed the case in the
numerical example explored in the following section.
3.4.2. Formation of GW Inspirals from mA = 10M⊙ and mB = 20M⊙
To study a concrete example we here explore a few as-
pects related to the dynamical formation of [BH(20M⊙),
BH(20M⊙)] GW inspirals for mA = 10M⊙ and mB = 20M⊙.
We note that q = 0.5 is actually a rather ‘extreme’ case from
a perspective of BBH mergers forming in GCs, as recent sim-
ulations indicate that the median mass ratio for the merging
population is about 0.9 (Rodriguez et al. 2016a).
We first consider the [a′,e] distribution of all [BH(20M⊙),
BH(20M⊙)] IMS binaries. Results are shown in Figure 5.
As seen, despite the often enormously complex pathway from
initial interaction to final GW inspiral (See e.g. Figure 1), we
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FIG. 6.— Top panel: Derived cross sections as a function of initial bi-
nary SMA a0, for interactions between a [BH(10M⊙), BH(20M⊙)] binary
and an incoming BH(20M⊙), as described in Section 3.4.2. Large black
dots: Cross section for [BH(20M⊙), BH(20M⊙)] GW inspirals. White
squares: Cross section for an exchange interaction where the resultant binary
is [BH(20M⊙), BH(20M⊙)]. Grey triangles: Cross section for an exchange
interaction where the resultant binary is [BH(20M⊙), BH(20M⊙)] and have
a GWmerger life time tM < 10 Gyrs (Hubble time). Black dashed line: Ana-
lytical scaling solution from Equation (32) to the inspiral cross section (large
black dots). Black dashed-dotted line: Analytical solution given by Equation
(61) to the post-interaction binary merger cross section (grey triangles). Bot-
tom panel: Corresponding ratio from the top plot between the GW inspiral
cross section and the post-interaction binary merger cross section.
do find excellent agreement between our full N-body simula-
tions (large black dots) and our analytical solution for unequal
mass given in Equation (54) (black solid line/grey area). Fig-
ure 5 also shows that the [a′,e] distribution is indeed approxi-
mately uniform at high eccentricity, as we assumed in Section
2.2.2.
The associated GW inspiral cross section is shown in Fig-
ure 6 as a function of a0. As expected, our generic prediction
from Equation (32), which states that the inspiral cross section
always scales ∝ a2/70 (for β = 7/2) in the asymptotic limit in-
dependently of the mass hierarchy, clearly seems to hold. As
a consequence, the GW inspiral cross section increases here
by more than an order of magnitude across the considered in-
terval, and will keep increasing until reaching the SB limit, at
which it will sharply drop off (Samsing et al. 2014). Consid-
ering the normalization, we see that the equal mass solution
from Equation (52) with m = 20M⊙ provides a rather accu-
rate estimate (the equal mass case gives ≈ 1.5 AU2 at a0 = 1
AU), which agrees with that describing slightly unequal mass
interactions often can be done assuming the equal mass limit.
3.5. Formation Rate of GW Inspirals
Having derived the cross section of GW inspirals, we are
now in a position to estimate the corresponding rate. For this,
we consider the population of GW inspirals forming in the
cores of GCs. As the BH mass ratios are likely to be near
unity at late times (Rodriguez et al. 2016a), we approximate
individual scatterings by the equal mass limit – an assump-
tion that also was shown in Samsing & Ramirez-Ruiz (2017)
to accurately reproduce several observables related to BBH
mergers. We take each GC to have a velocity dispersion
v∞ = 10 km s
−1, a core volume V = (0.1pc)3, a total num-
ber of BHs in the core NBH with mass mBH, and a corre-
sponding BH binary fraction of 0.5. The SMA a0 distribu-
tion is assumed to follow a Gaussian in log(a0) with center
value ac and standard deviation s = 0.5, as has recently been
shown to provide a reasonable fit to numerical simulations
(Rodriguez et al. 2016a). Adopting a GC number density of
1 GC Mpc−3 from (Rodriguez et al. 2015) and making use of
Equation (36), we find
ΓI ≈ 1 Gpc−3yr−1
(
NBH
80
)2(
mBH
20M⊙
)12/7( ac
AU
)2/7
, (58)
where ΓI here denotes the rate summed over all three pos-
sible inspiral pairs. We thus conclude that if each GC has
about 80 interacting BHs, then about 1 GW inspiral could
be observed by LIGO per year. As GW inspirals are likely
to enter the LIGO band with non-zero eccentricity (e.g.
Samsing & Ramirez-Ruiz 2017), we note that the possibili-
ties for detecting GW inspirals depend highly on construct-
ing accurate GW templates for varying eccentricity and spin
(e.g. Harry et al. 2016; Huerta et al. 2016). Although our for-
malism is well defined, our estimated for the number of GW
inspirals is highly uncertain. This is not a unique problem re-
lated to our model, as nearly all proposed BBH merger chan-
nels are plagued by the same large uncertainties related to the
dynamics and BH demographics of GCs (e.g. Chatterjee et al.
2017).
4. POST-INTERACTION MERGERS AND GW INSPIRALS
The vast majority of binary-single interactions end as a bi-
nary with an unbound single, also known as a fly-by or an ex-
change outcome (e.g. Hut & Bahcall 1983). Binaries formed
in this way, here referred to as post-interaction binaries, will
eventually merge through GW emission, however, the merger
delay time distribution is generally extremely broad with a tail
that often exceeds the Hubble time. This is in stark contrast
to GW inspirals that are rare and merge relative promptly.
In this section we first calculate the cross section of such
post-interaction binary mergers. We then derive an expression
for the cross section ratio between GW inspirals and post-
interaction binary mergers. This leads us to the interesting
conclusion that the cross section of GW inspirals is always
> 1% of the post-interaction binary merger cross section. The
corresponding implications for BBH formation and relative
rates are studied in Section 5.
4.1. Post-Interaction Binary Merger Cross Section
We start by calculating the cross section for a post-
interaction binary [i, j] to merge within a time τ . This cross
section, denoted here by σ<τMij , can be factorized as,
σ<τMij ≈ P(BSij)P(tMij < τ )×σCI, (59)
where BSij denotes an end-state composed of binary [i, j] and
an unbound single, P(BSij) is the probability for outcomeBSij,
and P(tMij < τ ) is the probability for that a newly formed BSij
binary has a merger time tMij that is less than τ . As we will
show, the cross section σ<τMij first increases with a0 until a0 ap-
proaches a characteristic value a<τ0 , above which σ
<τ
Mij
begins
to decrease with a0. The transitional SMA a
<τ
0 is to leading
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order the a0 for which all corresponding BSij binaries have
tMij = τ for eccentricity e = 0. For a0 < a
<τ
0 , the cross section
σ<τMij is therefore simply given by P(BSij)×σCI ∝ a0. Our nu-
merical scattering results shown in Figure 6 clearly illustrate
this piecewise behavior with a0. In the following we estimate
σ<τMij for a0 > a
<τ
0 .
For a newly formed BSij binary to merge within a time τ for
a given a0 > a
<τ
0 , its eccentricity e must be larger than some
characteristic value eτ . Assuming a thermal distribution for
the end-state eccentricities (Heggie 1975), the probability for
a BSij binary to have e > eτ is simply 1− e
2
τ . From which it
follows,
P(tMij < τ )≈ 1− e2τ . (60)
Using the relation between 1− e2 and the GW merger time of
a high eccentricity binary (e.g. Peters 1964), the cross section
σ<τMij for a0 > a
<τ
0 can now be written as,
σ<τMij ≈ σRij × ξ, (61)
where
ξ =
[
E
2/7 P(BSij)
N ln(a′u)
(
cτ
πR
4µij
mij
√
m1m2
mimj
)2/7(a0
R
)
−1/7
]
,
and we have expressed σ<τMij in a form that is similar to the
inspiral cross section given in Equation (32). Our prediction
for σ<τMij is shown in Figure 6 as a dash-dotted line. As for
the factor F , the term P(BSij) does not depend on either the
absolute mass scale, the initial SMA a0, nor on any finite size
effects including orbital energy losses. However, a full ana-
lytical solution to P(BSij) for a general mass hierarchy is not
yet available.
4.1.1. Equal Mass Solution
In the limit where all three objects are compact and have the
same mass m, we find that the post-interaction binary merger
cross section summed over all three potential merger pairs,
denoted here as σ<τM , can be written in piecewise form as
σ<τM ≈


85.0 AU2
(
v∞
10 km s−1
)
−2
(
m
M⊙
)(
a0
AU
)
0.75 AU2
(
v∞
10 km s−1
)
−2
(
m
M⊙
)13/7 (
a0
AU
)
−1/7
(
τ
tH
)2/7
.
(62)
Here the top solution is valid when a0< a
<τ
0 , while the bottom
solution is valid when a0 > a
<τ
0 . For this equal mass case
a<τ0 is approximately given by the SMA for which the initial
target binary has a GWmerger time that equals τ , from which
it follows that
a<τ0 ≈ 0.015 AU
(
m
M⊙
)3/4(
τ
tH
)1/4
. (63)
If we evaluate this for m = 20M⊙ and τ = tH we find a
<τ
0 ≈
0.15 AU. This partly explains why most of the BBH merg-
ers formed in numerical simulation pile up near this SMA
(Rodriguez et al. 2016a).
4.2. GW Inspirals Relative to Post-Interaction GW Mergers
The ratio between the GW inspiral cross section and the
post-interaction GW merger cross section can be simply writ-
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FIG. 7.— The contour values show the log of the ratio between the GW
inspiral cross section and the post-interaction binary merger cross section in
the equal mass case for τ = 10 Gyrs, as a function of initial SMA a0 and
mass m. The yellow dashed line shows the combination of a0 and m for
which the corresponding GW merger life time of the initial target binary is
= τ . As argued in Section 4.2, the yellow line also traces the minimum value
of σI/σ
<τ
M . As a result, for m& 10M⊙ the ratio will always be larger than ≈
0.01 independently of a0, which suggests that the GW inspiral cross section
will always be at least 1% of the the post-interaction binary merger cross
section. This has profound implications for estimating the number of high
eccentricity binary BH sources observable by Advanced LIGO, as further
described in Section 5.
ten in the equal mass case as
σI
σ<τM
≈


2.9 ·10−4
(
m
M⊙
)5/7 (
a0
AU
)
−5/7
,
3.3 ·10−2
(
m
M⊙
)
−1/7 (
a0
AU
)3/7( τ
tH
)
−2/7
,
(64)
where we have used Equations (52) and (62), respectively.
The top expression here again applies for a0 < a
<τ
0 , while the
bottom is for a0> a
<τ
0 . The value of log(σI/σ
<τ
M ) is illustrated
in Figure 7, as a function of initial SMA a0 and mass m for
τ = tH.
As given by Equation (64), and also seen in both Figures
6 and 7, the ratio σI/σ
<τ
M behaves opposite to the scaling of
σ<τM , as it first decreases with a0 until a0 ≈ a<τ0 , after which
it increases with a0. This piecewise scaling interestingly im-
plies that the ratio σI/σ
<τ
M takes its minimum value at which
the initial SMA a0 ≈ a<τ0 . Evaluating the ratio at a0 = a<τ0 ,
therefore lead us to the following inequality
σI
σ<τM
& 0.01
(
m
10M⊙
)5/28(
τ
tH
)
−5/28
, (65)
which states that the GW inspiral cross section will always be
at least 1% of the post-interaction binary merger cross section
for interacting compact objects of similar mass m& 10M⊙.
5. FORMATION OF BINARY BLACK HOLE MERGERS
Having developed a clear understanding of GW inspirals
and post-interaction binary mergers, we are now finally in a
position to study their relative contributions to the number of
dynamically formed BBHs. Our goal in this section is to ex-
amine GW inspirals arising from dynamical interactions in a
dense stellar system like a GC. Given the uncertainties sur-
rounding the presence and role of BHs in the evolution of
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GCs and other dense stellar clusters, we restrict ourselves to
two idealized scenarios. In the first Early-Burst Scenario, we
study the formation of BBH mergers that form from a popula-
tion of binaries and singles that interact only over a brief time
interval. In the second Steady-State Scenario we study the
formation of BBH mergers from an interacting, steady state
population. Results from the two scenarios are given below.
5.1. Early-Burst Scenario
Let us first assume a population of binaries and singles
undergoing interactions over a short time interval at some
initial time t0. We speculate that this could represent the
dynamical environment of an early collapse associated with
the formation of a dense stellar system, such as a GC (e.g.
Mapelli et al. 2013; Mapelli & Zampieri 2014; Ziosi et al.
2014; Spera et al. 2015; Kimpson et al. 2016). For this sce-
nario we study the cumulative number of BBH mergers form-
ing through the GW inspiral channel, NIij , relative to that of
the post-interaction binary merger channel, NMij , as a function
of time τ = t − t0. We note that only NMij is time dependent
because of its delay time distribution. For this scenario it is
straight forward to show that
NIij
NMij
≈ σIij
σ<τMij
. (66)
The equal mass solution to the Early-Burst Scenario is there-
fore simply given by Equation (64). This implies that the
inequality derived in Equation (65) can be applied to this
case, from which we conclude that the cumulative number
of GW inspirals in the equal mass limit for this scenario will
always be at least 1% of the total number of BBH mergers for
m& 10M⊙.
The solution to Equation (66) also shows that the relative
number of GW inspirals scales ∝ τ−2/7, which interestingly
suggests that the first BBH mergers in the Universe were
likely to be GW inspirals. More generally, the solution im-
plies that there exists a finite time interval within which the
fraction of BBH mergers is dominated by GW inspirals and
not by standard post-interaction binary mergers. In the equal
mass case, we can solve for this characteristic time interval,
denoted here as τIM, by setting NI = NM , from which we find
τIM ≈ 2.0× 106 yrs
(
m
20M⊙
)
−1/2( a0
25AU
)3/2
. (67)
The normalization of the initial SMA a0 is here set to 25 AU,
which is ≈ 0.1 times the HB value for v∞ = 10 km s−1 and
m = 20M⊙. Despite large uncertainties in what the relevant
values of a0 and m should on average be, this simple es-
timate indicates that a characteristic time interval of order
≈ 106 years is not unrealistic. We note this is similar to the
dynamical time of a typical GC.
These results indicates that GW inspirals might play a role
in the formation of a dense stellar system at early times. If we
denote the ratio between the number of GW inspirals to the
number of binary-single interactions by fIB, one finds in the
equal mass limit that
a0 ≈ 0.15 AU
(
fIB
0.01
)
−7/5(
m
20M⊙
)
. (68)
This indicates that for m ≈ 20M⊙, the initial SMA must be
. 0.15 AU for GW inspirals to form in at least 1% of all
binary-single interactions. GW inspirals are indeed more
likely to contribute to the dynamical evolution of a dense stel-
lar system than post-interaction binary mergers. This is be-
cause GW inspirals form and evolve in bound resonant states,
which is in contrast to post-interaction binary mergers that
always receive a dynamical kick prior to merger. This kick
is often high enough to unbound them from the dense stellar
system (e.g. Rodriguez et al. 2016a). This could have interest-
ing dynamical consequences, and numerical simulations do in
fact show an indication for this to be the case (Gültekin et al.
2004, 2006), yet, more work is needed before firm conclu-
sions can be drawn.
5.2. Steady-State Scenario
As a second representative example, we study the forma-
tion of BBH mergers in a GC assuming its distribution of bi-
naries and singles remains constant in time. We imagine this
steady-state scenario to approximately describe the late time
evolution and formation of BBH mergers in a typical GC. Be-
low we first calculate the cumulative number of BBH mergers
and then derive relative rates, from which we find that & 1%
of the present day rate of BBH mergers assembled through
binary-single interactions is likely to originate from the GW
inspiral channel. Finally, in the last section, we estimate the
fraction of GW inspirals that is likely to appear in the LIGO
band with a particular high eccentricity.
5.2.1. Cumulative Number of BBH Mergers
Here we derive the cumulative number of GW inspirals and
post-interaction binary mergers forming as a function of time
τ = t−t0, consistently taking into account ongoing interactions
as well as post-interaction binary merger delay time distribu-
tions. Assuming a0 > a
<τ
0 , one can show that the time de-
pendent cumulative number of post-interaction binary merg-
ers for this scenario can be written as
NMij ∝
∫ τ
0
σ<τ
′
Mij
dτ ′ =
7
9
τσ<τMij , (69)
and the cumulative number of GW inspirals as,
NIij ∝
∫ τ
0
σIijdτ
′ = τσIij , (70)
where we have assumed that the average inspiral time ≪ τ .
The cumulative number of GW inspirals relative to that of the
post-interaction binary mergers at time τ , is thus given by
NIij
NMij
≈ 9
7
σIij
σ<τMij
. (71)
We note that this estimate and the one derived for the early-
burst scenario differ by only a factor of 9/7. This indicates
that the relative number of GW inspirals forming through the
binary-single channel is not strongly dependent on the en-
counter history. In the equal mass case, it seems robust to
conclude that > 1% of all BBHs forming through the binary-
single channel are likely to be in form of GW inspirals.
5.2.2. Relative Rate of GW inspirals
The rate of GW inspirals relative to that of the post-
interaction binary mergers evaluated at time t ≫ t0, can be
shown to take the following form
ΓIij
ΓMij
≈ σIij
σ<tMij
, (72)
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Assuming the equal mass limit, we can combine this estimate
with Equation (65) to obtain
ΓI
ΓM
& 0.01
(
m
10M⊙
)5/28
. (73)
This again gives further support to our conclusion that the rate
of GW inspirals will be & 1% of the total rate for m& 10M⊙.
From an astrophysical perspective, GW inspirals are of par-
ticular interest because of their high eccentricity at formation.
However, only a fraction of the GW inspirals will actually ap-
pear in the LIGO band with the same high eccentricity they
had at formation as a result of circulation during inspiral (e.g.
Samsing & Ramirez-Ruiz 2017). In the section below we de-
rive this fraction and its present day relative rate.
5.2.3. GW Inspirals Forming in the LIGO Band
One can show that for a BBH to appear in the LIGO band
with its initial peak eccentricity, it must necessarily form
within the band (e.g. Samsing et al. 2014). The fraction of
GW inspirals at a high eccentricity is thus given to leading
order by the fraction that forms within the observable LIGO
band.
By the use of the GW peak frequency fitting formula from
Wen (2003), one can solve for the required initial orbital pa-
rameters of an inspiraling BBH so that its GW peak frequency
is above a certain threshold fGW. This provides us with the
following relation
r fGW ≈ 10−5 AU
(
fGW
10Hz
)
−2/3(
m
20M⊙
)1/3
, (74)
where we have assumed the high eccentricity limit and r fGW is
the pericenter distance at which the corresponding GW peak
frequency equals fGW. If the BBH pericenter distance rp <
r fGW then the GW peak frequency will be & fGW. As r fGW is a
fixed distance, we can now conclude that the cross section for
a BBH to form with GW peak frequency & fGW is to leading
order given by Equation (41) with RC = r fGW , and not by the
GW inspiral cross section. From this it follows directly that
σ fGW ≈ 0.4 AU2
(
v∞
10 km s−1
)
−2(
m
20M⊙
)4/3(
fGW
10Hz
)
−2/3
,
(75)
where σ fGW is the cross section for a BBH to form with an
associated GW peak frequency & fGW after a binary-single
interaction. Comparing this with the GW inspiral cross sec-
tion from Equation (52), one finds the relative rate in the equal
mass limit to be of order
Γ fGW
ΓI
≈ 0.2
(
m
20M⊙
)
−8/21(
fGW
10Hz
)
−2/3( a0
0.1AU
)
−2/7
.
(76)
This illustrates that for the chosen normalizations only ≈
20% of the GW inspirals will have a GW peak frequency
fGW > 10Hz at the time of their formation. In other words,
only ≈ 20% of the GW inspirals will appear in the LIGO
band with their initial high eccentricity, whereas the remain-
ing ≈ 80% will undergo notable circularization before being
detected. Although this seems slightly discouraging in terms
of observable rates, we do note that the vast majority of GW
inspirals still make it into the LIGO band at 10Hz with sig-
nificant eccentricity (typically > 0.1). This was shown by
Samsing & Ramirez-Ruiz (2017), who highlighted that if the
BBH merger rate is dominated by the GC population, then
GW inspirals are likely to dominate the population of eccen-
tric BBH mergers observable by LIGO.
6. CONCLUSIONS
The few-body problem with terms correcting for finite
sizes, tides, and GR effects, is usually studied using N-body
codes (e.g. Mardling & Aarseth 2001; Samsing et al. 2016).
However, these generally provide very limited physical in-
sight into the problem. In this paper we have explored an-
alytically the effect from including such correction terms in
three-body interactions, which have provided us with a wealth
of new insight into this problem. Our study focus on the pop-
ulation of two-body captures that form through tidal and GW
energy losses in binary-single interactions – a population that
we have been referring to as inspirals. In order to provide a
clear physical framework, we have first developed an analyt-
ical formalism for calculating the inspiral cross section and
corresponding rate. We then applied it to explore the forma-
tion of GW inspirals, as we found this population to be highly
interesting both dynamically and observationally. Our of find-
ings are summarized below.
6.1. Finite Sizes and Energy Loss Terms
As illustrated in Samsing et al. (2016), the main effect from
including finite sizes and orbital energy loss term corrections
in binary-single interactions, is an increase in the number of
mergers, that either form through standard collisions (by the
finite size term) or inspirals (by tides and GW emission). This
increase is not related to an overall change in the dynam-
ics, as the addition of the energy loss terms does not signif-
icantly modify the number of classical exchange and fly-by
outcomes. Instead, the correction terms lead to occasional
highly impulsive orbital energy losses that then result in either
a collision or an inspiral. As the capture distance is always
larger than the corresponding physical size, the inclusion of
orbital energy loss terms will always lead to an increase in the
number of mergers. Our formalism shows how this effective
size, and thereby the number of mergers, varies with the initial
orbital energy of the three-body system.
6.2. Inspiral Cross Section and Rates
We found that the cross section of inspirals increases inde-
pendently of the mass hierarchy as a
1/β
0 , when the considered
orbital energy loss term scales with the pericenter distance as
r
−β
p . This provides an accurate description for GW emission,
but it is only approximate for tides (e.g. Samsing et al. 2016).
The collision cross section is found to be independent of a0
and, as such, we concluded that the number of mergers rela-
tive to that of collisions always increases with a0. The relative
importance of inspirals is thus partly set by the HB limit; sys-
tems with low velocity dispersion are therefore likely to show
the largest effect from orbital energy loss term corrections.
The corresponding inspiral rate can be written in closed form
for a few relevant cases as a result of our analytical solution.
As an example, we showed that for a dynamical system where
the target binaries follow a Gaussian in log(a0) with standard
deviation s and central value ac, the Gaussian assumption only
plays a role when s>β. However, this condition is rarely met
in typical GC systems8, and the rate is, to leading order, sim-
ply proportional to the inspiral cross section evaluated at ac.
8 s is often about ≈ 0.5 as found by Rodriguez et al. (2016a), where β is
always > 3.5 as discussed in Samsing et al. (2016)
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6.3. Formation and Importance of GW Inspirals
The inclusion of GW energy loss terms leads to the forma-
tion of GW inspirals. To study this population, we started
by investigating the relative contribution of GW inspirals
and collisions to the number of GW mergers formed during
binary-single interactions. Using our analytical framework,
we found that GW inspirals generally are ≈ 100 times more
likely to form than standard collisions for encounters involv-
ing BHs and NSs. A consistent inclusion of GW energy loss
terms in N-body codes is therefore crucial for accurately es-
timating rates of compact object mergers. We note here that
the public code Fewbody (Fregeau et al. 2004; Fregeau 2012)
does not include such terms in its original version, which in-
deed has led to a long list of studies that significantly underes-
timate the number of especially highly eccentric GWmergers.
This was recently illustrated by Samsing & Ramirez-Ruiz
(2017).
6.4. Cross Section and Rate of GW Inspirals
While our formalism directly shows that the GW inspiral
cross section varies as a
2/7
0 , it is not clear how sensitive it
is to changes in the initial mass hierarchy. To explore this,
we have performed a controlled analytical experiment, where
only one of the masses was varied away from its equal mass
value. In this case we found that the change in GW inspiral
cross section is only weekly dependent on the fractional mass
change. This led us to conclude that the equal mass case actu-
ally seems to provide a fairly good description of BBH merg-
ers assembled in a typical GC, as these recently have been
found to have a mass ratio close to unity (Rodriguez et al.
2016a). This was also illustrated in Samsing & Ramirez-Ruiz
(2017). In this approximation, we have showed that the rate
of GW inspirals is of order ΓI ≈ 1 Gpc−3 yr−1 for a typical
GC population, if the number of BHs in each cluster is about
≈ 80. As the number of BHs in GCs is largely unknown, this
rate estimate is of course associated with a large uncertainty.
For this reason, we mainly explore relative rates in this paper.
6.5. Formation of Post-Interaction GW Mergers
The majority of GW mergers do not form during the in-
teraction as inspirals, but instead as post-interaction binary
mergers. To facilitate comparison, we have calculated the
cross section of such post-interaction binary mergers and
found it to have a piecewise scaling with a0. The cross section
is shown to first increases as ∝ a0 until a characteristic value
a<τ0 , after which it decreases as ∝ a−1/70 . We thus conclude
that the post-interaction binary merger cross section reaches
its maximum value when a0 = a
<τ
0 . In the equal mass case,
the value of a<τ0 is about the SMA for which the target binary
has a GW merger time τ .
6.6. GW Inspirals and Post-Interaction GW Mergers
Relative rates can be determined much more accurately
than absolute ones. For this reason, we have explored the
cross section of inspirals relative to that of post-interaction
binary mergers. We found that the relative number of GW in-
spirals takes its minimum value when a0 = a
<τ
0 , which led us
to the profound conclusion that > 1% of all the BBH mergers
assembled through binary-single interactions will be GW in-
spirals. As a result, if post-interaction binary mergers are as
frequent as recently reported by Rodriguez et al. (2016a), GW
inspirals are expected to be observed by Advanced LIGO.
6.7. Formation History of GW Inspirals
To gain further insight into the role of GW energy loss term
corrections, we have calculated the time dependent number
of GW inspirals and post-interaction binary mergers for two
scenarios. In the first scenario, we have assumed that binaries
and singles interact over a short period. In this case we have
found that GW inspirals likely dominate the total GW merger
rate within the first ≈ 106 years. This interestingly implies
that the first mergers in the Universe are likely to be inspirals.
In the second scenario, we have explored the rates assuming
steady state. For this case, we have found that the present
day rate of GW inspirals relative to that of post-interaction
binary mergers is approximately given by the ratio of their
cross sections evaluated at τ = tH. As a result, GW inspirals
are expected to constitute at least 1% of the present day rate
of BBHs mergers. We also noted that GW inspirals are more
likely to remain in the GC after their formation than standard
post-interaction binary mergers, which could have interesting
dynamical consequences (e.g. Gültekin et al. 2006).
6.8. Highly Eccentric GW Mergers Observable by LIGO
Although the majority of GW inspirals form with
notable eccentricity, many might still experience sig-
nificant circularization before being observable (e.g.
Samsing & Ramirez-Ruiz 2017). As a result, for a BBH to
appear in the LIGO band with an extremely high eccentricity,
it must necessarily form within the LIGO band. Using a
simple prescription for calculating the GW peak frequency
fGW, we have showed that a fixed value for fGW corresponds
to a fixed pericenter distance rp( fGW). The cross section of
GW inspirals that form with a GW frequency, say,> 10Hz, is
therefore to leading order given by the collision cross section
with RC = rp(10Hz). Making use of this, we derived that
≈ 20% of all GW inspirals are expected to form within the
LIGO band and thus appear with a particular high eccen-
tricity. We note that this estimate agrees well with the one
derived using N-body simulations (Samsing & Ramirez-Ruiz
2017). Although ≈ 80% all inspirals are not expected to
form within the LIGO band, we still find that the majority of
GW inspirals will enter the band with an eccentricity > 0.1
(Samsing & Ramirez-Ruiz 2017). If the BBH merger rate is
dominated by the dynamically assembled population, then
about 1% of the observable rate will have an eccentricity
> 0.1.
The results presented here clearly illustrate that GW inspi-
rals are not just a rare curiosity resulting from including GR
corrections, but constitute a population with highly interest-
ing dynamical and observational consequences. This study
should motivate further work on understanding the role of GR
corrections in few-body interactions as well as in full N-body
GC calculations. As GW inspirals generally merge with no-
table eccentricity, they are likely to play a key role in differ-
entiating between different BBH merger channels; a test that
should become possible with Advanced LIGO.
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